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1. Motivation and overvew

*Dealgeraic geometry (DAG) is a higher categorical enhancement--

of ordinary algebraic geometrythat is useful for studying

·

isentireretirements.
Aft :=CAlyop

-

Given AcCAly, write SpecA Aft for associated affine scheme.

* For some
purposes (e.g. mapping spaces), the category Aft is not big enough,

so one has to introduce generalization
Youeda

Aft -- Sh(Aft, Set)
-1 e

building generalized spaces

blocks one gets from glueing

logy ·X: AffP
=CAly -> Set is utorofpain.Femino-

The idea is to describe
a space X

X

by specifying how all test spaces T
⑪

Spec A cAff map into it:
T --

- X(*Y = "set of points of X" -

- X(AY =
"set of curves in X

"

A*=Spec IK[X, ..., xn]

- X(AY- "Set of planes in X"...



The enhancements of DAS are best understood from this viewpoint:I

intersections AppAyomorie
V

quotients

improves improves

~HAI.=dyCAly =
Fstuch?

DO-Gup

What's new in DA6?

4) ShiftedsympleandPonstructures [PTUV,CTUV, Pridhum, ...]

The tangent and cotangent spaces of a derived stack XedSt

are cochain complexes:

EX=(... (x). (πx)"1...) =Ch

up room for symplectic and Poisson structures w/coh. degree net

↳restingless

() dCrit (8:X ->AY carmes (1)-shifted symplectic structure

D BV formalism

(ii) T*[X] cares o-shifted symplectic structure

my ordinary phase spaces,
but with devised and stacky features

(iii) By= [*y] carries 1 and 2-shifted Poisson structures [Safronor]

my quasi Liebialgebras and invariant tensors (Syn)I



(2) Shitermation quation [CPTUV, Pridham, ...] B

Quantizations of shifted Poisson structures give interesting
algebraic structures:

(edAft w/n-shifted PoissonI malize (O) = Alyne)
I take modules

(OdyMode Alyn(dy(at))

A edst w/nrshifted Poisson Mantite(QCohn(X) = Algn(dg(at))C
Isting les:

(i) @(dCrit(H) = Aly.(Ch) was BV quantization

(ii) QCohL(T*[X6]) = Aly.(dgCat) mD D-modules

(iii) QCohn (By) =AlgEz(dyCat] my quantum groups Ugq

-lectureserves:

· Shifted symplectic and Poisson structures for devived affines

& Shifted symplectic and Poisson structures for derived quotant stacks

· Some examples of quantizations



2. Devised affines ⑭

*Let: The category of airedaffines dAJf:=dyCAly' is the opposite

category of CD6As concentrated in positive mological degree:

A.= (A.And....) IdyCAlyo
The latter is a model category wirt. The following maps:

(1) I* A.-B. is alequinence it Holf"): Holf) Es H. (B)

(ii) A.- B. is on if I:An-Bu surjective Fn=1

(iii) 1*As->B. is ration if retract of semi-free extension

TSemi-free extension means a map in dyCAlyco of the form A.-A[5x13].
I

L Iwhere 9xi3 are new generators of degree Ail IO for the underlying graded algebra.

I I*Example. Derived affines from intersections

Devived intersection in dAff SFD Homotopy pushout in dyCAlyzo

SpecA. Spec.......SpecB. C. Be
Spec Ca

: ↓q (*b :
A.---- As Be

spect. I
SpecC

Co

To compute the homotopy pushout we have to factorize

C.A.

not me
into a cofibration followed by a weak equivalence.

t W

As
Then, A. *B.= E. B.e

C



Let's study three simple examples of such objects: -

A

*. I
⑦ transversal ② multiplicity2 ③ self-intersection

The red map is f*:C= 1K[xy] -> A.:KEx]
x 1- X

y 10

Introducing E.:=KKIX, y,5] with ly1=0, 1911 and &SY, we get

IKEx,4]
**IKEx] IKEx,4,5]->IKE] weak

+1- equivalence

jict we with 4,
-0

I
Ik[7,7,5] I= (k2xy] -> IKEx,y,5] semi-free

* ->1 I extension
So we compute: y - y

=>cofibration

① g*:lK[x,y]-> KK[z]

7 A.B.IK [x,y,3] a
Ik[E]

x >Z
IKx,4]

y z

=IKIz,5] with 25=7

= Ik (that's a point 6)
②

yA:4351435 A.B.IKEx,y,3],I = Ik[z,3] with 88 = z

=Ik[z] Ithat's singular in CAly)-(zY

③g*: (x,y] -> IkEz]I A.B. = Ik [x14,5)xyzS- -z

y 1- 0
= Kk[z,3] with 0g =0

=x nontrivial homology in dego and 1



The usual construction of laterdifferentals (i.e. forms) from algebraic geometry
(

generalizes (with some subtleties discussed below) to derived affines.

Recall:Let A. dyCAlyco and M. AodyMod. Aden of degreen
-

Is a linear
map D: A.->M. of degreen that satisfus

the graded Leibniz rule D(aal):(Da)a'+ fe)"a DDall Faia'e to.

The derivations assemble into an Ardy-module DevA.,M.1 with

(1) Differential:OD:=ImoD-fy)
*

DoOA

(ii) Module structure: (a.D) (n'):=a Dla) Fas'EA.

↳ Def. Let A. dyCAlyso. The Ardy-module MY.* AdyMod of
--

Herdiffers on to is delined as the corepresenting object

DeCA.,-) Ekmp (RA.7: A.dyMod
-> Ch

The tangencomplet of to is defined by

↳A.A.R.AodyMod,
where to to is a cofibrant resolution of to. (In practice, to is semife)

↳Warning: When working with
4
As you have to make sure that all your

n

subsequent delinitions and constructions do not depend on the choice

of resolution A. A. mp use methods from model category theory.

imple:(Kahler differentials is cotangent complex)
Let's compare for our three examples above:

① IK is cofibrant, so we can take IK IK as resolution. Then

Mix =Mk =0 (as expected for point)



② KKIz] is not cofidant. We use the resolution IT215] Is IK.
E

-(zY 09=z2

We get for the Killer differentials

I Ik dz with module structure

Mise?"**(zdz) given by z.dz=0.

That's not projective, hence notdualizable, hence no reator-fulds.

On the other hand, the cotangent complex

Ries =1, E5] Iz5]d= IKE2,5] dS
El I I

(0) (1) Slogan: IKEE) is singularne

=IKEz] deITE "d5) in AG, but smooth in DAG

is semi-free as a module, hence dualizable, hence there are rector holds.

Convention:Differentals anticommute &d +d=0
nee

-D -(5) = - d(85) =- d(z2) =- 2zdz

I is non-trivial in
Note that H. (*)=(mn ins

are and e

③ Exercise.

*The cotangent complexcan be extended to a
deRham double complex.

Our
sign conventions for chain cochain (double) complexes (V8, 0, d) = Ch:

are that of anticommuting differentials &&+&C =0, which is

compatible with the totalized Koszul
signs live. Iv=i-f for veVI)

- to V.W.-W.V.

vow -- fell wor



↳ ef: Let Art dyCAlyso. The dealger of to
↳

is defined as the chain. cochain CD6A

DRAs) :=SymE.)E I e D6dyCALy,

where . As is a colibrant resolution. The cochain differential

dis defined by extending diFo-E to a square-zeo deviation.

* ample:(Semi-free CDSAs)

If A.= IKEX, ...,n] is seminfree with generators of degree (il 20,

then it is also colibrant. The associated de Rhan algebra

DRA.)=IK [X....,n, d, ..., dx] e D6dyCAly
is semi-free over to of bidegree (iii) and dxi of bidegree (14i)).

* The concept of closed p-forms in DAG is rich and interesting.

Simply demanding dw =0 for we DRPA.) isn't stable under

weak equivalences, hence closed p-forms would depend on the resolution toA.

That's of course non-sense, so we need a better homotopical definition.

*Def.For pet, deline the totalized complex
-

FYDRA. ==(3p PR"(Ad;-f3jezidto =d +0).
An shiftedclosed prom on As is a p+h)-cocycle, i.e.

we (FDR.A.))
P+

S.t. tofw =0



↳ Let's spell this out explicitly:
↳

was a family of forms (Will*DR"(Ali-pon)isp that satisfy

Dwip) =0 a homologically closed

dW(p) + 0Wp+) =0 dR-closed up to
0-homotopy

-
dWIpt) +OWp+2) =0

*

·

*Lef: Suppose that Art dyCAlyzo has a dualizable cotangent complex

HA.* AdyMod. Denote its
dual by A.*ArdyMod (called tangent complex).

An siftedsympiructure on to is an a-shifted

closed Inform c = was, was ...) (FDRYA.))
2

thatC
is non-degenerate in the sense that

Was: TA. Lacton] is weak equivalence in AndyMod.

tmple.(Ordinary affine schemes)

Let AeCAly be smooth and finitely generated. Then RAM and

T=DerCA) are concentrated in degree 0. Non-degeneracy implies that

there are no shifted symplectic structures for at 0.

For n=0 one recovers the usual concept of symplectic structure on affine schemes.



tample:(Devived critical locus /BU formalism) ⑳

To simplify things, let A=IK[,..,*]e CAly dyCAlyso be

an ordinary free CAly. Consider any function

I1. SpecA -> ASpecIKiz) *(bEA).
med. The riticallocus of 7, i.e. the derived intersection

d(rit(f) ....SpecA SymA*A homotopy

i : Ipushout Ibat e of..... Ofdcrit(t) in dgCAly=0
SpecA-

>

T*SpecA

The involved maps read explicitly as:

04:SymA FA=KEx, ...An,01 -> A =IKE ...An]
An

tit- xi

·x - 0

(f)*: Symp1= KKE,n,dt.,dn] -> A:KKEsrin]

Xi Xi

Ox Exit

As cofibrant replacement for O* we can take

**: KKEX,..stu, ds---, dn] -- Kln,..in,d,..., 15?...,5] =.
xitXi with 1841 =0, 1991=1
&xi t Oxi

and 85i =dx

This
gives

O(dit(t))= F.* A = IKEX..., 15...,5"] =dgCAlyz
SymTA

with 85 = xit



Devived critical loci come with canonical (-1)-shifted symplectic
-

structures, which are induced by the canonical symplectic structure on T*SpecA

and the theory of derived Lagrangian intersections (PTUV).
In our example: c=(w)p=z with

Wi =Edt, ds" Wip1 =0 Yp>2.

N: dWG) =0 by RO
and

= dxif
-

Dan = -2, di ((gi) =E* d0Si)
-E(iot) did =0

In the case where Art dyCAlyso has a dualizable cotangent complex 4A*A.dyMod,
one can also introduce a concept of a-shifted Poisson structures.

For this one introduces the CDGA of shifted polyers

I
called weight degree

pot(A.,n)==T Syn?. (TA.zn+13 I t dyCAly
and extends the Lie bracket on IA. to a Putz-algebra structure [...]

on PLA.,n) (called Schouten-Nigenhuis bracket).

* Lef:An shiftstructure on ActdyCAlyzo is

an element of degree -not

T= (F2-(A,,n))
-n-2

-I Sym. (TA.Intns)
that satistes the Marrer-Cartan equation

&+ +1 [π,i] =0



↳
i Let's spell this out explicitly:

It is a family of polyrectors (ii) eSymi. (#roines) -noz)i=2 that satisfy
OT) =
0 at homologically closed

041+1 [T(,n] =0 ct Jacobiup to drhomotopy

&TTY + [T(),Tin] =0 at higher Jacobihomotopies

s
in Theorem:(Melani, pirr, Pridham, ...)
-

The space of a-shifted symplectic structures is weakly homotopy
equivalent to the space of non-degenerate shifted Poisson structures.

imple: (Back to derived critical loci/BUformalism)

Recall O(dcrit(f)) = IK[...nis?...,5"] EdyCAlyso
with A1 = 0, 1gi1 =1, dgi=exit and (1)-shifted symplectic structure

was=Edxidgi, i =0 Yp>2.

A
corresponding (il-shifted Poisson structure is given by

Fiz= xgi TG =0 p>2 .

The corresponding shifted bracket Exi,55=dit is called the

antibraced in the BV formalism.
-



3. Devived quotent stacks ↳

*All of this machinery for deviredaffines can be extended to

detin stacks, and in particular to deveutuchs.

*lef: (Special case, but sufficient for us)

Let Y = =SpecB.= dAft be a derived affine scheme with an

action viYx6 ->Y of a smooth affine group scheme

6=SpecH =Grp (Aff). The corresponding dequestack
is defined as the D-colimit

[Y6]==a-colim YE YxCyxs?... C ->dStI
with the face and degeneracy maps given by

di: 4x6" -> 4x 64-1

Cy1g, ...,yn) 1-
ly.g, 92,...,gn) for 1=0

E Cy, g, ..., 999,+1, -.., gn) for i=1,..., n-1

Cy, 91, --.,quar) for i=4

Si: Yx6" -> Yx64
+1

Cygergn) te (y,90...,9;, e,qn--, gn) for i =0,....n

* Geometric structures that can be pulled back along ql dAff-morphisms

1: SpecA.-> SpecBo, e.g. functions, forms, bundles, etc., can be extended

easily to derived stands. The idea is to use the functor of points:

Ego: (h=OCX) *FD (compatible family of hye A.x ispect. ->X)



Lef:. The dye of a derived stack edst is defined as

O(X):= holim (A.) -> DGCAly
I am unbounded

SpecA.-

· The damalsoof X is delined as

DRA):= Sex (R.A.)) = DGDGCAly",
· The SM-dy-category of quartmodules on X is delined as

QCoh(X):= holim (AodyMod] e SMDSCaL

SpecA.-

*Imple. For a derived quotient stack [46]=[SpecB./specH], we have

O([4163) =0 (0-cin(Yyx6 yx6"...))
=holim (O(Y)= 0(4x6) Es 0(4x8Y...)
=Golin (B. B.aH B.Her ...) =(B.)

normalized
Forms work similarly. group cochains

For Qoh, one finds with some efforts

ach([Y16]) = BodyModH(equivariant dg-modules)

↳ Waning [Y6] can almost never be reconstructed from 0([416]),
but in many cases it can be reconstructed from Qloh ([T6]) · (Lurie)

Example: B6 = [*/6] for 6 reductive:

0(36) =N6,1k) =1K =0(x) vs. QCoh(B6) =dgRep(6) =Ch =a(oh(*)

This will be important when we discuss quantization.



*For geometric structures that do pull back well under general 1:Spect.Spec B.
15

things get more complicated. This case includes polyrectors, Poisson structures,

quantizations, etc. CPTUV developed formal localization techniques to deal

with these issues, but we are going
to use Pridham's more practical approach.

: (Pridham, simplified to quotent stacks)
Given

any derived quotient stack [416], the resolution by devived affines

Y* 4x6 Yx6"....

has in degree n 20 an action of 6441

in: Mx6"/x6h+1 - Yx6"

(4,9,.,gn,y!...,gi)to (yego, gogg, ..., gitgag')
The face and degenency maps are equivaiant relative tothe group hom.

4: 6"+- 6", (go,...,gn) te (go,-..,;,-..,gu)
5: Gh+-> Cht2, (go, ..., qult (y0,.., gi,gi, -...,yn)

Taking degree-wise formal Lie algebra quotants

[Y] [YGy][xogog].-- ④

delines an stale resolution of [416] by "stacky derived affines".
Since the face and degeneracy maps are etale, functions, forms, polyrectors,
Poisson structures, quantizations, etc., of [46] can be defined as

compatible families of degree-wise structures on

Punchline.A geometric structure on a devired quotent stack decomposes into
n

A family of algebraic structures on "stacky derived affines".



↑ Ref: The category of Stackygrdaffines StdAff:=(DGdgCAlyo
is the opposite category of chain cochain CDGAs concentrated in

positive homological and cohomological degrees:

F E: ↑ ↑ Model structure:

A? A? I - chain-level-wise

As= I 54 ~9 : IAs i ltt...&I 24
A. As Aix ...

Shifted symplectic and Poisson structures are defined similarly to

the case of dAff, but note that there is now an additional grading:
formo

DR8(Atth
weight
EL (A.tstachy

* derived

Itample:(CE-algebrus)

Given Bot dyAlyzo with his algebra action g:q ->Der(Bol,

we can form the Chevalky-Eilenberg CDGA

VI-1]
CE(3, 5.) =(Symg ( a B. E DGdgCAly.

This is generated by baB. of bidegree (11) and a basis wig,
which has bidegree (8). The differentials read as

&b =0bb, db =0"g(ta)(b)

&0
=0 So -Ifi

The formal lie algebra quotent is delined by

[SpecBo/g] ==Spec (Ey, B.) e StdAff



Example:(Devired critical loci /BV formalism for quotent stacks) E

Let J: [X6] -> Al be a function on an ordinary quotent stack

[x6]= [SpecA/SpecH]. One can prove (see Benini, Sufronov, AS) that

drit(t) = [E/6] is derived quotient stack, where

0(z).-Symq(#1 in * (A0q-)) =dyCAlyzo tantological
~ I-form on

with differential Da =0, Ov =in(dt) , ot = -ig(t)(X) T*A

Taking the etal resolution

[Eg][zx6/gay]...
one can work out an explicit decription of the (-1)-shifted symplectic

structure on dCrit(t), which in simplicial degree O starts with

=ta dou

-

wi =d) Atezis X I -dpdx;-dta dea , =0pz-

T*E1]By Wip)
-

=pidti in cordinates

up Generalization of BU formalism to
group actions.

*Itample:(Shifted Poisson structures on B6)
For B6= [*16], we have etal resolution

[*] * [Ggay]...
that starts with the usual CE-alyebra O([*y]) = (E(g,1K).

From degree counting, one sees that there can only be nourtinal

I-shifted and I-shifted Poisson structures on [A].

Choosing a basis [8°cgV3, they read as follows:



1ited: I =π, dandeb +Tadades des ↳
birector TT() trivector iis)

The MC equation &T +1 [4,5] =0 is equivalent to

303:gog" -> gV delining a quasi lie bialgebraI ⑦NobleT I structure on (y,t;3).
#= =Fab'tatst,eSym g

Z-shifted: =FabPandab
u

birector (

The MC equation &T +1 [in]=0 is equivalent to i=Fibtutse/Sym2g)8.

Note:These are exactly the semi-classical data from quantum group theory
--

Reme For globalization to BC, see Safvonor.-

*ample:(Cotangent bundles over quotient stacks)
Let [x16] =[SpecA/SpecH] be ordinary quotent stack.

The cotangent bundle T*[X6] = [**X6] =[ri(0)/6]
can be computed via derived symplectic reduction (see e.g. Safionor).

We have stale resolution

[Ncog] I [ri(o) *gog] ...

that starts with 0([rld)/g]) = cEly,Or(a).), where tantological
1- form on

↑ T*X

Old). -Symp (FA*** Adges) with (H)=-ignit



The canonical O-shifted Poisson structure on T*[Y/6] delines ↳

on Tot(E(y,0r(oll.) the Poisson bracket 5.5" given by

Sa,a'3:0, [naErIn), Snr':[rv'], Stn,03-da

FastA, uvet. This can
be globalized to T*Y6], see Benini,Pridham,

As.

4. Quantization

↑ The quantization problem in DAG:

Anuantization

I*=Spec A.
EdSt with I adice([atalgebratothonginI

n-shifted Poisson structurei

Gantizan
*dSt with En-monoidat dy-category Qoh(X)I n-shifted Poisson structure(tie) recording QCoh() and it for it- 0I

↳Hem. For Aspects derived affine, each affine quantization gives
a global one by taking dy-modules.

totAly!Ch) -> AdyMod E Alyn (dycat)

B Theorem:
--

The global quantization problem can be solved for A derived Artin stack and

(1) n=1 (CPT)

(ii) n =0 (Pridham)

* Warning? These are abstract existence results, so don't expect any
-

explicit formulas for the quantized algebras/categories.



↳The only explicit results Iam aware of are:

(1) X =Spec/Symvo) with constant coefficient (n20)-shifted Poisson structure

my Weyalgewas (Markarian)
(2) X =Spec(Symvo) with constant coefficient (-1)-shifted Poisson structure

up quitation (Costello/Swilliam and Gilliam/Hangseng)

(3) A=T* [SpecA/Spectl] with canonical O-shifted Poisson structure

u dules (Benini/Pridham/AS(

*Eample: (BU quantization, simplest casel

Recall: Given 1: SpecIKI,..n] -> AT, then
n

dait(t) = Spec KI..,*13...,54] with Hilto, 19"=, 88"=dxit.

The canonical 72)-shifted Poisson structure is T()= Z0x, Ogi, p=0 Yp>2.

=D(1)-shifted Poisson bracket:

[xi,53=5,, xxe =[5,943=0

An Eo-qualization of this Poralgebra is given by

Art: (IE,....,5?... [[t]], d =0+ter with Abr =2,xsi
↳ I

placian

The shifted Poisson bracket is reconstructed from violation of It being
a derivations

&(a.b) =(04a)b +(1)a(0+b) +t(a,b] FaieAt



* Strategy for constructing a global quantization of devised quotent stacks (

X=[46] =[SpecB./Spectl] along (n=0)-shifted Poisson structurs:

ept: Express data using tale
resolution

([Yy], ii) i ([Yxog], ii) ....
This gives a cosimplicial diagram of Duty-algebras

Tot(ECy, B.) I Tot CE/gey, B.ot) E...

ep2: Construct compatible degree-wise quantizations to Entn-algebras

TotCEy,B.)Is TotCE(gag, B.H)t ES...

and
pass over

to En-monoidal dy-categories of modules

->(otCEy,B)tdyMod
->

ToCE(yAg, Boat)dy
Mod ... I =>

Step3: Determine global quantization by computing homotopy limit

QCoh([Y6]n ==holineAlgen(dg(at)

Irm:(Benini/Pridham/AS)
For T*[X6] eastwith A-SpecAsmooth and 6: Speak reductive,

global quantization of canonical O-shifted Poisson structure gives D--modules

QCoh(T*[x6])1 = PiMod([x/6]) .

This can be spelled out very explicitly:



Trip 12Objects: Is (597, 1) consisting of-

(1) G-eqr. OK)[It]] -dy-module
9

(ii) G-equo dy-connection 4:
4°-> r() [its] &'

O(x)[[t]]
di

with respect to tidd, i.e. N(as)=4(da)as +aN(s)

(iii) 6-egr. graded module map I: gInJeS*->E#
satisfymy

the following conditions

DrDnDr=tDivr (Hat connection)

Xv It - 4+Pr =0

I+ +
+4+' 4+

=0

04+ +4+0 =Yp++) +tg(t)

hisms:hmacitis (9,9) preserving 6,
7,I

i hinprogress:(Kemp/Langwitz/AS)

IB6 =[*/Spect] with I expectedthe I acoh(B6)y
=dyRep(6) eAlgEn(dy(at) Ime

Z-shifted Poisson structure quantum group dy-representations
work 14

detal?

When G is a Z-group, does one get interesting quamZags
(n-group ( (quantum n-groups)


