
IBV and BFV formalism beyond perturbation theory.
Based on joint wwhs w/ Benin : - Safrouov [2104.14886]

and Bernini - Ridham [220%10225]
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Traditional
"

geometric frameworks , such as ma_ni or ,

are incapable to describe certain important geometric objects :

4)

QuotIbby-u-tree-gr-opach-I.it/Gis in general singular , e.g .

6=2-4

→ •%%vEH
✗= 1122 ✗16

and it
ignores in how

many ways points get identified , e.g .

*16 = * independently of 6 .

(ii) Non-transversaliut-o.tn :

✗ ×y✗z is in general singular , e. g.

4=1123 , ¥ { Cary,z) c- 112? 2--0} and # {* yit) c- 112? ⇔?-z}
2-

→ Xn ✗ Xz = {€, y,z) c- 1123: Ky)?0 and 7--0}
•

Y oy-1¥≥and it ignores intersection multiplicities
Xz Xz

☒×. ☒×
. 1T¥.



I• Derived ( algebraic ) geometry resolves these issues by introducing
a powerful and refined concept of space called deriuedstacks .

• To get some intuition
,
we have to recall tuncf-point

Yoneda

Att :=CAlg°P -→ 5h (Atf , Set)
(fully faithful)

affine schemes schemes and more

(the building blocks ) (what you get from gluing )

ʰ±eeEEt≈EEEʰttIʰʰʰ: ✗
"

- ✗ (B) = points in ✗
"

•

→
•

it

/⑥- ✗ ( IN) = "

curves in ✗
"

- ✗ CIN) = "

surfaces in ✗
"

☐
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• Derived stairs ha- a

!
,

"

⇒ setAtf = CAY
improves § improves
intersections quotients

, /→ gauge symmetry0
containB !
Cantihelds) (ghosts )

→⇔.p%agµg
,
→ •* ✓

S o

derived cos-1 stack

FH.IS/-:=Shcs(dAtt,oGpd ) defines an •- hence all quotients ,

intersections , etc, exist . The challenge for applications is therefore to
It

describe your
derived stacks of interest in an explicit and useful way. . .



• How is all of this related 1- BRST, BV, BFV, . .. ? ③
formal
neighborhood

←→
Los- algebra

point Lurie ( or DGCA Ig )
Pvidham

✗c- Ist

mis
|BRsT1BhBFhÉÉpatmktne/famalaspecb◦fderindo•metyf

☐• ftp.plicaton/:- Non- perturbative (classical and fin .

dim
. ) BV formalism

• Physicalscenmanioi
A physical system is typically described by

1.) a space of fields ✗ ,

2.) an action of the gauge group ✗✗ G → ✗ ,

3.) a gauge - invariant action function 5

Want to determine the space of extrema of 5 modulo
gauge , which involves

taking quotients (Xt) and intersections (d%=0) → DAG potentially important 17-
-

•

• Mathematical formalization :
Mmmmm

Let ✗= Spec A be smooth attire scheme w/ action ✗✗G→ ✗

of a smooth attire group scheme G
- Spect . Consider quotient stack
-

[✗16] ⇐ colin (✗* XxG¥_X✗G2É .
_ _

. ) c- dst

and a function 5 :[✗16] → IR •

The derivedcritialous is defined as the pullback in dst



Ok
, that's a bit abstract and

&
dcnitcs) - - - - - -☐ ]

'

, Inexplicit . . .
: 10É { Can one understand better how

[8/6]- 1-* 5×16] dcnt G) "looks like
"
and how itdᵈRS

/ relates to the physicists BV formalism ?
•Thin : ( Bernini - Satoru -As)
mm

dcn-tls.fi/G] →B) ≈ [2-16] is a derived quotient stack ,
where Z = Spec OCZ)• is derived affine scheme with function dg -algebra

determined by the two homotopy pushouts in dgctlg≥o
☐
* ◦*

Symg → IR OG-%))→A

i.
• ;

p*↓ : @does)*↓ :
hi :ho

Symata - - - - - - • Ofp -'(d)
•

A - -
-
- -
-☐ OCZ)•

An explicit model is given by

OCZ) = Syma ( d-⑦gon] ⑦ TAE-B)•
c- dgctlg≥o

w w w

fields aihhelds antitells
for ghosts tautological 1-formwith differential

on 1-*✗

da = 0
, Ov=i✓(dᵈRs )

,
dt =p

#A) = - igct,I

• From this perspective , it is easy
to determine the function dy -algebra

0 / dart (s) ) ≈ O( 1-2-16])
≈ ( Colin ( 2- E- 2-✗6*-2-+6?- • ) )



E
e him (012-1--3012×6). 012-+69

.

- -
" )

≈ Tot N•(6,012-1
.
) c- DGCAIY
-

normalized group cochains
w/ coefficients in OCZ )•

The BV formalism considers instead a
Lie algebra quotient

BV (s) = [Zig] → OCBVCSD ≈ Tot'TCE•(g , Ott)• ) c- DGCAIG
i.
g. not 1?

These two are related by the stmp ✓E: Ocdcritcsl) ᵗÉCBvGD ,
which further preserves the canonical C-1) -shifted symplectic structures

.

i. Warning : dcritcs) ≈ [2-16] is in general NIT affine, i. e. 0 (dcnitls))
Mn

does NE faithfully encode this derived stack .

This is a new feature of the non- perturbative world?

It is however faithfully encoded by its dg teary of modules

Qcohldcritcs)) ≈ G- dgdkodocz)
.

1B$ Application 2 : Quantization of gauge
- theoretic canonical phase spaces

-

• The canonical phase space of 2ⁿ -d order gauge theories is a derived cotangent stack

Safvonov
1-*EKG] ≈ [1-71/6] :=Ñ%Ñ
w w

w

canonical position Yang
symplecticmomenta variables symmetry
reduction

where Cas before) p
-

%) = Spec %
-'

(◦ 1)
•
is derived affine scheme with

06701
.

= Syma ( Ta# A-oyi.is/c-dgC1-1g≥◦



E
• Studying the Poisson geometry and quantization of T*IHG] one faces
two main challenges :

1.) Poisson structures are poorly functional , so a Poisson structure on

-1*[11/6] ≈ [p-70116] = colin ( p-%)E p
-%)✗6T¥ .

- • )
Is T simply a family of compatible Poisson structures on each level .

2.) 1-* ING] is NI affine , so we have to quantize
the dog -category QGh(1-*5×167) ≈ G- dgM◦doq.y

.

• At the abstract level
,
these challenges have been solved by CPTVV

and independently by Bidhan . Can one make this explicit ?
→ That's the content of the Bernini- Pridham - AS paper .

• Even though the technical details are tough , the kEY1DEA_ is simple and beautiful :

Stepan Resolve 1-*[✗16] ≈ [ P%HG] by a diagram of lie algebra quotients
that 's the BFV formalism

[ñ¥ [ p-401×6/g⊕g] E- • . .

This is level- wise affine and we can pass to stack
y dy-algebras

G-
•

(g. Obits). ) =3 CE•(g⊕g , %-%)✗G)
• ) • ◦ •

The face and degeneracy maps are formally e-tale , so a Poisson structure

can be defined level wise . At level 0, the non-trivial Poisson brackets read as

{via}= ✓(a) ,
{riv'} = [hi] , {t ,-0} = - <at>

Step? : Quantize level wise in terms of differential operators
Mr

→CÉÑÑd)•)h ⇒ cE•(g⊕É6) . / + ⇒ • . .



⇐and pass over to dy- categories of modules

→

④ =@Not --
→ ᵈgM°ᵈÉ⊕Ñ×4

. )→→
" ° )G-

•

(g.%-Yo))
. ),

→

b-

step 3: Obtain global quantization of THING] by computingMr

homotopy limit ( in dgcat) of the local quantization

Qcoh (1-7×163)* ÷ hatin ⊕ c- dgcat
•Thin : (Bernini - Pridham - As )
im

A model for the dg -category Qcoh [1*5×16])y is given by the following :

0bp Triples (E.
, 17,1) consisting of

Fi:-&:&:)(1) an ALIEN- dg -module { • w/ G-action

(2) a G- eqv. dg - connection D: E.→ If EEED ⑧ {• (
action of )1-TED]
canonicalw.v.t.h-ddR.ie . 17(as) = b- dᵈRa ⑧ s + a.Tks) moments

ÉPÉE
(3) a G-eqv. graded module map v1 : go.is ⑦

E
#
→ E# ( action ofantighosts )

satisfying
(1) Th Thi - THE = b- B-v.v] ,ccrmomentaandanhgh.gg?&+=-t+%14tIti----4+i1f
④ 04++4+0 = 17*(+1 + +54)

Étd
4- technical conditions)

G. "4- (e.i;) ≤ hAki:)Morphisms : hey@E. ,? ) , (E.'Pig ')) i-hz.it


