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Plan of the talk :
I

1.) Starchy point of view on boundary conditions -D
"

Edge modes
"

2.) Illustration through the Abelian Chan - Simons IWZW system

3.) Application to the Gd holomorphic Chern -Simons Ad integrable

field theory correspondence by Costello - Yamazaki - Witten



Boundary conditions in
"

ordinary
" field theories 2L

- -
--

-
on

• Consider for concreteness a scalar held oIEC9M)

on a manifold M w/ boundary 2M¥ of . ⑦
• A boundary condition is a condition on the value

of the held ¥5 ( or more generally its gets) on OM .

Liamplz. ITon - O in M) [Dirichlet boundary condition]

• From a categorical point of view, enforcing a boundary condition can be

understood as computing a pulling in a suitable category of spaces :

¥f . . . . -→Bulkfukb ¥ c:#Cmj . . . . -
→ CEM )

I / : foes
* T E

Bdyfulds→Comparison 2*3--6 COM )



Quick recap of stacks in
gauge theory ③

----
-

• A stack is a fpseudo-) functor X : Man → Gvpd

satisfying a 2- categorical descent condition for open covers .

This is interpreted as a functor of points :

* X CIRO) = gvoupoid of points of X

na X ( IR') = groupold of smooth curves inX →
' X (R2) = groupold of smooth planes in X . . .

""

D-
"

• Examples Staal of gauge fields w/ group G on Cartesian space
UERM

Cong (U) : Manor# Gpd

N-Condie) @ I ⇐ {
OBI AER"9UxN ,g)
Mori A -8> g-

'Ag + g-
'

day
( with age CUXN , G)
-

smoothly N- parametrized gauge helots

and transformations on U .



Starchy point of view on boundary conditions 4L
-
--

•Keyport stacks form a 2- category nos 2gonicalpullbacls
• The 2-pull bad implementing a boundary condition is of the form

F .
. .
- - - -

-→ Bulkfulds OBI (A , B ,
rest KiB )

i. T2-pull bad FCN) =lores {Men. ( 4. y) : CA
, B. g)→ A :B '.gl)

Bdytrelds 7 Comparison at . rest ¥ rest '

glo log '

( CB → its
'

•Etampk Gauge fields w/ group IR and boundary condition
" 4

"
restriction of bulk bundle = fixed bundle on OM

"

fedgemodes-TIE.isconf!!!; pas . {
at Carter"9nxnx reams

Novi (tip ) I> (A- + done , qtelom)
9*3 hee Bump ( OM ) with ee RYAN)



Abelian Chen - Simons IWZW system 5L
--

• let M be a 3-mnf w/ boundary 2M and consider gauge fields w/ group IR

subnet to boundary condition
" restriction of bulk bundle = fixed bundle on DM

"

.

• On the previous slide we
have seen that the stack of fields is

Flu) e {Odi (tip
) e R' '9MW) x roomxD

Movie (A. y)
E- (Atdme , y + elon ) with ee r9MxN)

• Choosing a¥ic on DM
,
we can define action S : I→ IR

⇒my - Alan

SCA , g) = { I AadmA + fat (donya Alone X day a * day )
--
bulk CS action boundary action

Euler-Lagrange

equations
, g

dm A - O on M ← flat connections in bulk

for X- It , (anti ) chiral

day t 2x * day -O ou IM← current day on boundary



A-ppliE.no/2detegm#heay-nesponLe ⑥
• A field theory on a Zd spacetime E is classicallynmetegrabk if
its equations of motion are of Lai town :

IEOM.TO#/dzLCzj+1zL-Lczg.LG.p=o-/aNtktness
1- -

where L E Rt (Excl ,g) is connection depending meromorphically on some Riemann surface G
'
.

• The Laxconnecton LG) defines a- many
conserved charges through holonomy :

at
.

! r¥¥→
'

→
http. geez, ]

EEL Hat

leads to co - many
conserved

charges by expanding in Z
• Main problem in IFT:
-

Where does the Lax connection come from?



Geoyt-appoadua4dh.cc#nstkony- FL

• Costello - Yamazaki - Witten proposed a geometric approach to construct

ZDIFTS on E-R2 from a certain gauge theory on 4-mut X : - EKG's. .

• The input for their construction is :

Jang(1) Liege w/ invariant inner product 47 on lie algebra Y
zeros

Ci) Fixed merow on Gpl , with poles rewooreyw
denoted by Czi ) and zeros denoted by g - (ga)

The following action for connectors At RTX,y)

|SwCA)=i,{wnCsCA# with Gotti - SA , dt-iftt.AT> c-DAD

#
the Chan- Simons 3- form .

(N) Boundaryconditions for A on

surface detect D= ! His
×



Details on boundary conditions I 8L
--- ←

residues

• For simplicity , I consider here only the case of simple poles w= ? zkiz
,

It
.

•

Keyport: Gange invariance of action Sw requires boundary conditions tf

For A ¥45
)
AT = g-

'

Ag t y-1dg , we have Sw is Not gauge invariant

Scotto) = SFA) 1-iqpfwadsg-oo.t-7-iqpfwrg.tn#
1-

with -0Gt WCG ,g) the Maurer- Caton town and XG
- tf L-06 , too ,-06] > EDTA .

• Introducing the defeat gzip GZ : - potusG and the inner product

KX
, YDoo .

- = ? ki (Xi , Yi > on its lie algebra ftp.Tusy , we can prove :

•

them!BIg= swag + task gt-ooziimw-ES.i.jo
where i :D↳X is defect inclusion and gf is any lazy homotopy from Eg to e .



Details on boundary conditions IT ③
-
-

• Generalizing Costello etal. , we consider boundary conditions of the form

i'A era (E, k ) add Eye Gti . Hi )

where ke get is isotropic sub - lie algebra and TIE GZ its lie integration .

secondary Enforcing these boundary conditions in theni defines

a sub- stack Fbc Es Cong (X) on which Sw : FIX) → IR

defines a gauge invariant actors .

•Remain Enforcing the boundary conditions via a Z-pull.ba# defines

another stack TIX) together with a morphism Hbcu)→ ICH .

One can prove that this morphism is an equivalence of studs
--

'

hence the strict and the higher categorical point of view on boundary
conditions is equivalent in this case !



wLIFt? 10L
• There exists a zig-zag of stack morphisms :

FIX) To ICH Twx) Fae )
- w -

t
-
- -

-

'
-

strict bdy
"
weak

"

bdy Lax - type
S Zd heeds

conditions conditions connections
£ edge modes

→ edge modes + edge modes

• CHOOSING a section S : hfzd CE) → F↳×(X) of IT , we can

transfer the action Sw on Fisch) to an action fed on Fed ti) .

Writing sch) = (Lch ), h ) , how he CE
,
GZ ) edge mode , we get

#lazy homotopy

Szdch ) - - tf §Kh*QziELCHDw d- IS ^h*x⇐ hour h toe .Est
nos ACTIONS FOR ZDIFTS ? EFI


