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"

Traditional
"

geometric frameworks ,
such as manifolds or Schug ,

are incapable to describe important geometric situations :

C) Qu◦ygrpac:
V6 is in general singular , e.g .

É¥ was ↳
singular

8--1122 ✗16

and ignores in how
many ways points get identified , e.g .

*16 = * independently of G.

(ii ) Nou-transver.su/intItos :

X
, Xy ✗2

is in general singular, e.g .

4--1123 ,
Xi {Cxiyit) c- 1123 : 2-= 0} , Xz = {Gry,z ) €112? Ky) ?_z}

%
→ ×

, y✗Xz= { Cxiy,z) c-
1123 : (xy)? ◦ and 7--0} ie

and it ignores intersection multiplicities , e.g . →☆✗
*

F¥. F☒"i☒"



I
• Derived (algebraic) geometry resolves these issues by introducing
a refined concept of space called deÉ .

• To get some intuition ,
we have to recall functors of points :
- -

Yoneda

Aff := CAY
"
- 5h (Atf , Set)(fully faithful)

attire schemes schemes and more
(the building blocks) ( what you get from gluing)

Interpretation of a functor ×.- Aft→ Set :
www.wnrrrmsmmrhm

112° ✗
• ✗ 11127 =

"

points in ✗
"

•

?⃝• ✗( IR) =
"

curves in ✗
" % ,#

• ✗11124 =

"

surfaces in ✗
"

. . . .

R'
☐→

D

• Derived stacks have a richer functor of points :

Atf = CAY ☐ Set

f
☒ GpdImproves

:

intense.↳| , qu.mg

↓
as I

gyg.p.gg,÷⇔g

.am/imP""
1B¥ dst :=Sh•(daff , • Grpd) defines an cs-topI , hence all quotients,

intersections
,
etc
, exist . The challenge for applications is therefore

to describe your
derived stack of interest in an explicit and useful way.



③
DohittHd quantization:
• For a derived Artin stack X

, there is a concept of Poisson structures

and their quantization Talaga , Panter , Toeu , Vaquie , Vezzosi /]↳ idham
New features :
- -

( i ) These structures
may

have nontrivial cohomological degree he
#

•

( ii ) ✗ is often Not affine •

→ quantization of Oct) c- dgctlg is insufficient ,

consider instead quantization of Qcohcx) c- SMdg Cat

Liii) The shift n c-* determines the type of quantization •

(✗ with n -shifted Poisson structure )

{ quantize

( QGh(✗¥ is En -monoidal dog- category )
• E✗amp (satronov)

consider 136 .

-= [*to] c- Ist for a (reductive) affine group scheme G-

Then 0436) ≈ C.
•

(6,1k) ≈ 11<=06×1 is not interesting , but
-

QGHCBG) -~ dg Dep is interesting .

=

6

An n-2 shifted Poisson structure on
BG is an

'element 1T€@ym2g ) •

The associated quantization Qcoh (BG)-4 is the Ez= braided -

monoidal dog- representation category of the associated quantum group .



IDM 0uvcoutibuti (Qnantizing derived cotangent stacks)
• Canonical phase space of 2ⁿᵈ- order gauge theories :

sat""
[T*×µG] ÷ [r%VG]1-* [✗ /§ ] ≈

w w

canonical position Gaye
symplecticmomenta variables symmetry
reduction

• Here p
-

%) = Spec Of-%)) . is the derived affine scheme

describing the derived 0- locus of the moment map :

◦*

p-16) - - -- - -☐ * symg- k
i 1

i 60 ⇔
p* / I

£ '

O

TF → y
"

Symata - - --- -☐ (p-401)•p

a-pullbad in dst homotopy pushout
in dgctlg≥o

Explicit model :
mm

O(r%)). = Syma (Ta# 1-⑦ go.is/c-dgC1-lg≥◦

• Wanted
Quantization of -1*5×16] along the canonical 0-shifted Poisson structure tf

How does the resulting Eo - pointed dg -category look like :

QC◦h(T*[H6])*= ?



E
• StItegy_ : Turn Pvidham 's abstract deformation theoretic arguments into

a concrete construction ! Let me sketch the

KEYIDEAS-istepmn.gl?esolreT*IX/G] ≈ [p-%)/6] by a diagram of lie algebra quotients :

[r%Vg ]# [p%)✗G/g⊕g] E- • - -

This turns the global problem into a family of local stocky attire problems :

G-
•

(g.%-%D.) =3 CE•(g⊕g , %-%)✗G)
• ) • •

•

Step 2 : Quantize level wise in terms of differential operators
Mr

G-
•

(g.%-%D.) =3 CE
•

( gag , %-%)✗G)
• ) • •

•

+

hand
pass over to dog - categories of modules :

⊕ : = @Mod →→ dgModCÉ(g ,of-%) ).), c(g⊕g ,04%1×67. ),
° " )

step 3 : obtain global quantization of TENG] by computingrun

the homotopy limit ( in dg Cat) of the local quantization :

Qcoh IT*ENG]) ⇐ holim ⊕ c- dy Cat
b-

•Thin:( Benin i - Pridham - AS )

A model for Qcoh (-1*[11/6])£ is given by the following :



@Obyectsi Triples ( E.it, ) consisting of

(1) an OG) LIED- dy - module E. w/ G-action ( wavefunctions )w/ G- action

(2) a G-eqv. dg - connection D: E.→MALTED E.
•*⇔" ( I:L?
-

Canonical )w.v.t.tn dᵈR
,
i.e. D(a.D= t dᵈRa☒s + a Pls)

CCR: position and momenta

(3) a G- eqv. graded module map v1 : g.→⑧ {*→ E# (
acton ◦t)antighosts

① *%⇒"=ᵗ'÷?¥÷?÷¥ᵗ"
"

÷.☒⇒*i"'
CCR : ghosts and antsyhosts 4- technical conditions]

Morphisms
6,171hom-K.it?4-),(Ei.4y-'))---hom-oc*a-iD(E.iE. " )


