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Dm Lecture I : Openads and universal constructions in AQFT

Dao Lecture II : Higher categories and quantum gauge theories

Don lecture III : Construction of simple examples by homological techniques



t.0paad.su/7onsmAQFI ↳
-A-QFT studies QFTS on / Lorentzian manifolds-

D€ • A Lorentzianmanitold is a manifold M endowed w/ a metric

of signature C- t t . . . t ) .

• A Lorentzian manifold is called
-

globallyhyperbolic µ

:÷÷÷÷÷÷¥÷¥÷÷÷÷÷:÷. I
• Denote by Rk•• the category whose time

- objects are oriented and time-oriented g.h .
Lorentzian mats

-

÷÷÷÷÷÷÷:÷÷¥÷: I i



• A pair ( Mat Nat Mz ) of Loc -morphisms to N 2L
a

.
÷::: :::*:÷÷÷:÷i:c:: iii.

• A Loc - morphism f : M->N is called aC@hymorphismittCM.Ncontains a Candy surface of N. §~ z
M

#

An AQFT links these koetzimgeometn.es/mctures-toalgebvaicstructure-
on the quantum observables of a QFT .

For simplicity , I will neglect (C)
*
- algebraic aspects throughout the

whole lecture series and describe quantum observables of a QFT

in terms of associatedalgebras over a field 1k of char O .

[See arXiv : 1802.09555 for * -structures in terms of invocative categories .]



Dedi (Brunetti -Frede hagen - Ver ch ) 3L
In AQIIT is a functor A : Loc→ Alga to the category
of associative and unital IK -algebras that satisfies the following PROPERTIES:

1) Eiusti¥E For every causally disjoint N

(ta : M.→N)t Gz : Ma→N) , the induced commutator

[ ideas . (AHHHH) : ACM
.) ACMI→ACN) 1

IS zero .

(" spacelike separated observables commute
")

ii ) Timestream : For every Candy morphism f :M→N,
Act) : ACM)# ACN) is an Algae - isomorphism . §~ z

M

( "Time evolution ")



PROPERTIUSSTRICTURE 4L
Even though defining AQFT e Fun (Loc, Algae) as the tall subcategory
of functors A : Loc→ Algie satisfying the PROPERTIES i) and ii ) gives
the correct definition, there are reasons why it is better to encode Dandi;) as STRUCTURE :

1.) PROPERTIES may be violated by universal constructions
(e.g . co limits, Kan extensions , . . .) , while STRUCTURE is preserved .

2.) In higher category theory , commutativity (as in Einstein causality)
is not a PROPERTY but an additional STR CTURE . [Buzzword . En - algebras]

The time -slice axiom is easily implemented as STRUCTURE by localization
Loc → Loc ECauchy

- t] of categories .
But Einstein causality is more complicated because it involves binary operations .

→ Use techniques from open ad theory Tl
so



DeIiAcol@operadCa.h.am#afegoff) O consist of the following data : 5L
t(1) A collection of objects a,b, c, . . . .

(2) For each tuple of objects Cst) : = (cc. . . .cn) ,t) ,
n - to - t

a set OCI) of operations from e to t
.

!§ operations
• - o Ch

(3) Composition maps g : Oct) XII
.
Off! ) → OGI

. .
. ) tha

"t
(4) Unit elements he Oft ) EYE A

(5) Permutation actions OG) : OCI )→ Otto)
satisfying suitable associativity sun , tally and equivariance axioms .

Defies An Ctalgebua A with values in a symmetric monoidal category (TTT ,
I)

consists of the following data :

(1) For each CEO, an object AG)
EBB

(2) For each ye OCI) , ant- morphism Aly) :XAcc;)→ At)

sad that the assignment in (2) is compatible w/ compositions, units and
permutation actions .



tramp: The associateopened As is given by the following data : 6L
(1) A single object *

(2) As Cn ) : - Ask!
.
. . *g) = En ,

the permutations on n letters

Times

(3) j ( G , CG . . - Gu) ) = 64kg. .gg . . . KG- yes,> . @⑦ . . -⑦ on)

(4) Ike
,
c- Ee , the men:{Takeoff

tatm sum permutation
9¥04 = §

(5) O(G) Cd) = d. G , via group operation .

An As - algebra with values in (Vecµ , ④ , IK) is precisely an associative and unital
IK- algebra with product pie Alea ) : A A→A and unit q

.

. Ako) : IK→A
X to *A

dy④az IT ajaz

For a general Gee Asch) - In , we have that

Aco) : A "→A multiplication of n elements

9 . . -⑧an i-D ao.iq
,
.
. .

.
.

g.%,] m the order dictated by Ge. In .



The next example is relevant for QFT. 7

PEI An orthogou¥egqry, is a pair ⇐ (Ci il) consisting of
L

a small category Cd and a subset IE Mov G' ¥ Moved of the

set of pairs of morphisms to a common target , satisfying :

i) symmetry : It ftp.t. ) e b ,
then ( ta , t.) c-I .

ii ) o- stability : If Hat,Jeb , then ( gta h. . gtzh) Et for all comp . sable g. h, and h , .

Example: The pmtatoizaheoperad.PE associated w/ an orthogonal category
Ei --Girl) is given by the following data :

⑨ Objects are the objects of Cid

② Rift ) - { I - Ct. . . - tu) c- II. Home, Kii it) : did to V-i.to }
(3) j (I , Cas. . . . gen )) = (tigons . . . itngnkn ) µ
(4) Heidt c- PETIT

(5) TECH Ct. . . . tu ) = ( tous . . . - ton)



Reg: For Gd - Open (M) , the category of open subsets of a mnf M, and 8L
I defined by digoutnew , i.e . ( U,EV)t (Ui EV) iff Un n U of ,
Pq. is the operaI used for factorizations algebras d la Costello / Gwilliam . s

An AQFT, we consider LOT
= ( Loc ,I) with I given by causal disjoint ness

and also its localization LOT ECandy
- I] at all Candy morphisms .

Theorem :

egg

There exist canonical equivalences of categories
{ AQFTS w/out time - slice} I { Proc -algebras in Algae }

I { Plot guts - algebras in Neck}
Found

man
- Vogt tensor product

and

{ AQFTS w/ time- slice} I {Piececang.g - algebras in Aly k }
← {PLOT teared;D As - algebras in Neck }



It is instructive to understand how a PLOT - algebra STRUCTURE realizes the 49
Einstein causality PROPERTY :

Given any causally disjoint (ti M.→NII (t, Mz→N) ,
we have an Algae - morphism
Act. .Hi Alma) Alik)→ ACN)

dy ⑧ dz IT 9g * az

Because that's an Algae - morphism , we find

A-Gut. ) (a. an' ⑧ a. a:) E Alta
, ta ) (a.⑧az ) . Alt. . te ) Cai ai )

II 11

@iailBCaz.ai ) (a. * az ) . ( ai * a:) ④

With this we compute :

AG,) Ca.) . Alta ) Caz ) = @ At) . (t ta) a,
* az

& (Ita . ) . (a.* 1)
= Act. ) Ca. ) . Act.) Can)

-D Einstein causality follows from a PLOT - algebra STRUCTURE

via an Eckmann - Hilton argument ?



Physical interpretation LE
-

An AQFT comes with two types of "multiplications " of quantum observables :

1.) "

Operator
" products pm : ACM) Alm)→ ACM) for each spacetime M

r

2.) "
factorization

"

products Act. . . .tn) : ACM.) . .
-⑦AtMn)→ ACN)

for each family of mutually causally disjoint { fi : Mi→N
-

Using Freda hagen 's terminology, 2.) could be called
'E¥#¥¥La multiplication operators acting on subsystems . ] §

Importantly : These two types of products are compatible
=

in the sense that Act . . . .tn) are Algie- morphisms .



Howibth.is#orunivesaonsonsmAQFT?. ↳
The following result from operad theory is the key :

Theni Let CMB
,
⑧,E) be a beginplates symmetric monoidal category.

a) For every colored operad
O
,
the category AlgoCMB) of O -algebras

with values in F- is bi complete.
b) For every morphism F: O→ P of colored openads , the pullbad functor
F*: A Igp (Ft)→ AlgoCR) admits a left endpoint leper n).

Denoting by Og :- Pei % As the AQFT openad associated w/ I = Cci ,I)
and by AQFTCai) i- Algo⇐ ( Vega) its category of Vee,e- valued algebras, we get

Coi a) A QFT(9) is bi complete , for every orthogonal category Ii .

b) For every orthogonal functor F : CT→ 5
,
there is an adgunchoir

*
.

AQFT CE)→ A QFI
-

←
-CDT

F*



Application : Descent in AQFF 12L
-

Imagine that we have only managed to define an AQFT on the full

subcategory Locy E Loc of space tines whose underlying mnf is diffeomorphic to Rm.

Restricting It from Loc to Loca , we get an orthogonal tune for g. top→ LOT

and hence an adjunctions g! = extension
functor

.

AQFT(Lota ) AQFT (Lot)
= restriction functor

Proposition J ! -ly * exhibits AQFT ( Lota ) as a full coreflective subcategory of
AQFT CLOT) , i. e. the unit q : id ED gig! is a natural isomorphism .

Defies An AQFT Ae AQFTCLot) satisfies descent (w . v.t. Toca Is LOT )
if the corresponding component of the count Ea : g : g't d is an isomorphism.

Example : The tree scalar field satisfies this descent condition, but gauge theories do Not.
-

In the next lecture
,
Iwill introduce a higher categorical generalization

of the descent condition that applies to gauge theories .



Summary : 13L
=

• AQFTS admit an elegant description as algebras over colored openads OF .

•This reformulation turns the Einstein causality and time -slice axioms
from PROPERTIES into STRUCTURE

,
which has various advantages i

1.) Conceptual interpretation of Einstein causality via Eckmann
- Hilton argument.

2.) Universal constructions preserving the AQFTaxioms .

3.) Starting point krtzgherutegoricaltoft ( next lecture !)

• A particularly interesting universal construction is the ext -I res adjunction

y ! : AQFT(Loaf) ¥ AQFTC Lot ) : g
*

This is a retirement of Treder hagen 's universal algebra
and structurally similar to factorization homology ten topological QFTS .

tend


