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Dm Lecture I : Openads and universal constructions in AQFT

Dao Lecture II : Higher categories and quantum gauge theories

Don lecture III : Construction of simple examples by homological techniques



MI . Higher categories and quantum gauge theories t
-

what's the difference between "

ordinary
"

field theories and gauge theories ?
It's the way

how we compare field configurations ?
"

Ordinary " field theory Gauge theory
---

-
- - -

M ÷..•I " •

A "
-

settspace of hells , i.e . Groupoidlstad of fields , i.e .
being

"the same " is a property being
' 'the same

"
is additional structure

of -I
'

A⇒ A ' (gauge transformation)
Im#t Moving from "ordinary " held theories to gauge and higher gauge theories

increases the dimension of the required category theory :

set↳ Grpd - 2Gpd . . . . . → esGpd
1- category 2- category 3-category O- category



M¥5: (A hands-on approach to higher category theory) ②
The crucial feature of higher category theory is that it comes with

a weatetegw than that of isomorphism in t- category theory .

Example so weak homotopy equivalences between topological spaces or simplicial sets
•. categorical equivalences between group

oils

• quasi - isomorphisms between chain complexes

Model category theory provides a useful framework to deal with such equivalences.

DEI A m~tegory.is bicomplete category A w/ 3 distinguished classes of morphisms :

D weak equivalences f : c Isd ] that's the main player D•
ii ) titrations f : c-⇒d needed for waking with model

iii) colibatons f : c-d ] categories (e.g . derived functors)

satisfying a long list of axioms .

[See Dwyer (Spalinski for an excellent introduction .]



Examples : Top , Bet , Grpd , Chik are all model categories with ③
the desired weak equivalences .

Working with model categories is relatively easy (up to the point you want to compute something) ,
but there is one aspect one has to be careful about :

|FunctasF:G→Dbekveenmoddcategonesi.g.doNoTprequirahences.PT/.#Examp6i-(Pushoutof topological spaces)
disk point

circle
→O → ;

I

(
I

1 :
vs I '

:
O

! '

O O D

① -
- -

-
-D

• - -
- -

- D •

point
disk sphere point

This can be solved for a large class of tundras by introducing
so-called denied !?



Det A Quiltywinch is an adoration 4L
F : Ci ft D : G

between model categories , sad that G preserves librates and acyclic libations

(or equivalently F preserves calibrations and acyclic co libations).

Thani For every Quillen adjuncts F.ci#,D:G ,
the

left desired functor
-

KF:- foQ : G
'
→D

Kohbrant replacement
and the right desired hunter
-

RG : -- GoR i D → Ci

Tibrand replacement
preserve weak equivalences .

Rem : The main challenge when waking with model categories is
-

to find models far derived functors that one can compute .
I



Doatg-needthis-bozsudyzggausetk.ie? 5L
•• On a Cartesian space UEIRM, the groupad of gauge fields w/ group

G is

BG
.. Cu) :-. {OI Aeryn .g)

Moe : At> AH g-
'

Agt g.
'dy ,

with ye CTU ,G)

• Given a manifold M w/ good open cover { Ui EM} , consider
→

I

BG.nl U .) : - (it Bbc.n(Ui ) Is IIBGoulding ) HIBGeon High ) Zz - - - -)
* Gluing these data with anor@ylimitgireslimB6coulU.JE {OBI AE MCM ,y) no non -trivial

Move : A -90 At , with go.GCM.co) ) bundles ? o
• Gluing with a hom-olopyhmit-hohm.ie Klim (derived tundra!) gives

holian BG. .. (y.) e
GI (Eti c- Thung) 3 , { gig E (Uo . G)3) satisfying all smug

{ Aah
,
- tilapia and gylu.mgoutu.on-giulu.ph

%

Mori { hit Cui , GB :(EA i3 . { go} ) → (Etihi}, Ehilluygyholu.gl#



tt¥hdy betas ⑥
Studs are suitable generalized spaces to desn'be a smoothstmctue on

the
groupad of gauge hills .

Without going into the details
,
a star is q presheaf X : Man → Grpd satisfying

a suitable descent condition ( involving holm Hs) .
This is interpreted as a functor of points : 1120

④is X(Ipo) = groupad of points of X
•→•

:*:":} : ::::: :p ::: :::
""N"
"B-DD

@ d g -

-

.

Example The shed at gauge hills w/ group G on a Cartesian space UE RM is

Cong (U ) : Man - Gpd
N- Cong Cuyp), { Oba

Ae N'Turn,g )
Novi A -8> g-Hg + g-'dug

|wiHgeC9uxN
them Global pants Cong (a) (1120) - BGould) smoothly N- parametrized gauge helots

give the groupold hour before. D and transformations on Kl .



Recall that to every simplicial set one can assign its m•ch¥uE FL
N
*filk) : asset→ Alge

.

(Chul OP
.

Prof: . The above construction generalizes to (a) stacks , defining a left Quillen functor

No*C-
, IK) : Astacks→ AlyEcscChik) OP . (function dg -algebras on studs)

Exampksi - For X a man , told , N
's •CHIK) e (X) is usual function algebra .

- For X- Ypg a Lie algebuoid , N
's *(X.lk) ICE

. ( g , ly)) is Cher alley- Eilenberg
cochain algebra .

- For X= % a Lie groupold, N
's *CHIK)= C.(G

, Cy)) is group chain

algebra .

Warning In general , N
-*( X

,
1k) does Not encode the stack X faithfully .

#

For example , NO* ( *q⇒ , IK) t IK e N- * (* 11K) .

This problem is due to finite gauge transformations . Infinitesimal ones wah fine . )
The solution is to assign instead Qcoh -sheaf categories Qcoh : Stabs → SM dgCatP.
-

[See Cala que ,
Parter

,Toei , Vaquie , Vezzosi her details and arXiv : 2003.13773

her some steps to incorporate this in AQFT. ]



ttomoopy me 8L
The previous discussion motivates us to consider AQFT-sw.it#chaincomplexes-
to describe quantum gauge theories in terms of

"

quantized function algebras
" oui @→ steeds.

(This might neglect some non perturbative features , but it is much easier than waking with QCoh
.)

Due to our operadie approach , this is quite easy :

Ded The category of strict Chik- valued AQFTS on an orthogonal category GT- (G
'
it)

-

is the category of Chik - valued algebras over the AQFToperate 08

AQFT#ofCI) : = A Iggy ( Chik) .

Example : Models constructed via the perturbative BV- formalism Freaks hagen /Degener]
define strict Chik-valued AQFTS on Lot .

Thin AQFTshicfc.ca) is a model category with the following choices :
i) g : A-SD B is weak equivalence it all Sc : Aca)→Bcc) are quasi - Isos

ii) g :Ats B is librate as if all Sc : Aca)→Bcc) are degree-wise surgeate re .

Iii) co libations are determined by the left lifting property .



.tl#EAQFTS associate algebra

y
Ao- algebra GL

.

Lie algebra L • - algebra
I

:÷i÷÷ha'III::c:.IE?.:t!lto*T???----(directly) give strict AQFB . (Recall e.g. that studs have function Eas -algebras?)
Again , openad theory tells us how to do this :

Dedi i) A colored dog - opened O is called Ecotibrant it each component OCI)
is a coli burnt object wi Fun (E's , Chik) , with E's the stabiliser group of E- Ccn . . - ed

.

ii) A Z-cohkantresolutas.at a colored dy -operate O is a E- colibeast

dy - opened @• with an acyclic fibration 0*-5 O .

Iii) The model category of h-mot.orgE-algebras is delved as

Aly (Chik) ,
with Qs -5>0 any E- coliKant resolution .

Remi Up to Quillen equivalence, Algo,(Chik) does not depend on
the choice of E- colibeaut resolution . D



Dedi The model category of h↳syAQ on I' is delved by to
AQFT.CI/i=Algog (Chik) ,

O

where 0%-5 OI is a E
'
- colikart resolution of the AQFToperad.

E¥: The component-wise tensor product ↳ ⑦ Eos -6 Ogg with
the Barratt- Eccles Ecs - operad dehires a Ei- colibrand resolution .

This type of homotopy AQFB is useful to capture Es- algebras on f)skids .

SI¥Lrem : (For char IK-O , as assumed throughout this lecture series)
The identity id : Og -5 OE is a E- colib-ant resolution

,
hence

AQFTII) I AQFTang Cei) are Quillen equivalent.

-Inwords : Every homotopy d-QFT is weakly equivalent to a strict one .
-
-



Application : Higher categorical descent in homotopy AQFT it
-

Propes Every orthogonal tune tu F : I →I defines a Quillen acfmetas

F! : AQFTy(E) ¥ AQFfs CE) : F*

Examples For g : top→ LOT
, we get adeisvedextens.cn#trKgy:AQfTesCLoT)-sAQFTosCLoT) that can be

used to extend quantum gaugetheories from
"diamonds " MER" to all spacetimes.

Toyindeli let I - (Disha , Imax ) →t D- ← (Mana , Imax) , then

kg! : Fun (Disha , Alge.(Chik) ) → Fun (Manz , AlgeIchi)) .

[ Extension Wan wanted 2-desks to oriented 2- aunts .]
Consider A : Disha→ Algeo (Chik ) p

which describes a theory with only a
U ↳ Eo CIKI-93) constant ghost held•

•→--

Then one can compute on ME Manz : This is unquantized linear Chern -Simons

(kg! A) CM) e Ets (RHD ENT) ( on the oriented surface M c-Man
, p)O



Summary : 12L
=

• Higher categorical structures in classical gauge theory arise due to

the groupoldYstad structure of gauge bells and their
gauge transformations .

•Model category theory is a@atuely) concrete framework to capture
and work with such higher structures .

• In quantum gauge theory , the higher categorical structures are encoded
m dy - algebras of quantum observables ,

as e.g .
those appearing in the BV- tamalesn

• We developed model categories for stnctChµ-vabedAQFB_ and her

homotopy AQFTS together with derived universal constructions.
-- -

I

• Derived local - to - global extensions are interesting and rich Tf
For example , the unquantized linear Chem - Simons algebra Ehs fr:(M) ED)
on an oriented surface the Manz can be obtained by extending a
very simple theory on Disk that describes a constant ghost held.pe#


