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AQFT studies QFTs on Lorentzian manifolds: it

µ• A LÉnmitId is a manifold M
,

§,
with a metric of signature C- ++. - - + ) .

• M is called globally-hyperbolic if it admits a can-dysuvf-ace.EC M .

• Denote by Locm the category of oriented and time- oriented globally hyperbolic
Lorentzian m - manifolds with morphisms the causal isometric embeddings .

• Important structures on ↳em :

rumrunner

"

Orthogonality relation !
"

weak equivalences !

N t :M→~N* it. µMr 1- Mz Candy morphism
causally disjoint

^¥



Traditional Definition:  [Brunetti,Fredenhagen,Verch] K

An m- dimensional AQFT_ is a functor A : Locm→
'

*AlgAs(Vec¢ )
that satisfies the following properties :

1.)EiÉty For all 4, :M^→N) 1- (ta :Mz→N) ,

ACM, )⑦ACMz)HH⑦d local local

Alfa ) AC up fpjP
ACN) ACN )¥

ACN)

" "•-s Faa , , , :µ⇒ ,

✗¥
$#zAct ) : Acm) ÷ ACN)



Operadic perspective: E

• AQFTS are #-) algebras over a colored 1*-1 operand Qoe-n.tw] nini ,
AS
,
Woike].

•There exists an insightful presentation as the Boardman- Vogt tensor product

Qo=[w
"] = [W"] ¥A unital associative operate

with the Lorentzian prefactorization opened

0b£. M c- Loch
P
E-{m Plm

.

!.mn ) = {4. i. " t.IE#locmCMi.Nl:ti+toV-i-tg}
• HII *Aly*$ - valued Lorentzian analog

of pre factorization algebras , based

AQFTM = Akfp,⇒[w-^] AlgAs(Veg ) ) on causal disjointness + ,
that are

locally constant w.v.li . Cauchy morphisms



Why As-algebras? ↳

•• The As - algebra ACM) should be interpreted as a quantization of the

function algebra 015011M)) of the solution
space of a variational PDE.
-

•• ftp.d-fferencebetveenRiemannianandloren/zianQFT:--

Riemannian Lorentzian

Soun ) is
C-1)- shifted Poisson Sol (M )I> Data (E) is anshifted Poisson

via well-posed initial value problem

=D 06ohm )) is Po - algebra ⇒ 06ohm)) is B-algebra

⇒ 0+1%1041) is Eco - algebra ⇒ ⑦ (Soun)) is E- algebra
= As-algebra



What about gauge theories? ⇐
✗ : cD6A£°→ sset

• In gauge
theories

,
so LCM) is a derivedstack , namely the

derived critical locus of an action function Sm : Fields (M)→ R
.

¥-1
Such derived stacks are in general NOI affine , i. e. NOT determined

-

by their function dy -algebra OCX) = holim R c- CDGA .

- -

Spear→✗
• Proposal from DAG :•

=

Assign instead the SM dy-category QcohG) - holimpdgM.de •

- - - - speak→✗

• That 's indeed better : For G reductive
group ,

O(tpt1G] ) e C•(G. G) t f = 0Gt) doesn't see 6

Qcoh (Ept/6]) - dgRep(6) =/ Cha = Qcoh (pt) sees G
f

•Two pathways we
9- Gollm )) nÉdggeb±

to quantization :
↳""
his Qcoh

+
(Solent ) pointed at )-dgaleyoI



Two flavours of    -AQFT:as &
[Bernini

,
Perin

,
AS
,
Woihe : ZAQFTS]

Affine es- AQFTS [Bernini, AS, Woihe] as -AQFTS [Beniui , Bidhan , As : Toy models]

pointing comes from here !
A c- ALgpu.in/D6Al-A1gq..-nKhe/Moc-Alypi.#DGCat)
satisfying h=topyti=ie satisfyingh-omtopytime-s-iedcfj.AM) ~→ AM Act ) : HCM)~→AN)

woe.

'

woe.

for all f :M→~N Candy for all f :M→~N Cauchy

• Remarks :
- µdgMod
1.) Taking dy -modules defines a functor (Affine a-AQFB )→ (w -AQFTS ),
which I believe is fully faithful . (we can prove this for ZAQFTS

. )
2.) Perturbative QFTS are affine because formal moduli problems

admit description in terms of their Chera /by- Eilenberg dg - algebras .



Constructing examples I: Linear Yang-Mills theory E-

• Linear (i.e. " tree
") QFTS can be constructed very explicitly [Bernini , Bruinsma, As]

• Consider the example of Eking-Mi↳:

C-a) @ 1

Fields but -_ ( ITM ) →d Nlm ) ) w/ action Sm=§1zdAr*dJ
ghosts fields quadratic !

• Forming linear derived critical locus

solar ) - - - - - ☐ Fields (M)
i homotopy / of pullback in Chiro

Fields (M )→ 1-* Fields (M)
Jsm

gives
Maxwell operator

(1) (2)
C-1) 107 d

Solve)= ( RTM ) d- Mm)- rm-1m)→dÑ(M) )
ghosts fields anti heeds anthills

for ghosts



E.
• Via the integration pairing on forms

,
we can take function dy - algebra

OCS.cm/:--SymLlm)withLlM7:--Sol*(MlL-1] .
The shifted Poisson structure is

given by extending to Sym the Ch -
mop

•K-eyobsav-ah-on-i.IM --d(something ) is exact !•:÷÷÷÷÷÷:*:
"""

There exist Contractible spaces of ) re¥ topics
0

• This defines un-shiftedpoiss.us/-mtwe-m:LCmjioLlmI-#)LCmhoSoICm) _£> IR,
whose quantization yields affine a- d-QFT : ACM)= Free LIM)

F-tyy-h-m.it>



Constructing examples II: Non-Abelian Yang-Mills theory on a graph &

•The

derimdnon-A-ehaang.mil/sstackSolYM(M)--dait(SYM:ConsCm)→ IR )✓
= { G- ball w/ connection on M}/gauge equivalence

is super complicated because it is an co - dimensional derived stack
.

• So far we only understand two related ( but much simpler ) cases :

Ci ) dcritft :[ spec A/Spect] → 1K) for a function on

atI±Équtk [Benni , Safonov, As]

④ The UND-t-REDY-any-dlillsst.ch [Bernini , Schreiber, As]

• To get a feeling for non-Abelian quantum gauge
theories

,
let us consider

a lattice approximation to YM on a Cauchy surface IM [Benin i. Pridham , As]
- -



10L• Approximate Ecm by a directed graph with vertices ✓ and edges E :

-

→
Do

2-EM approximate p•••←•→%• Isq-D
•←•

•→ •

*•¥1••t←&•e

YM phase space on -2 finite - dimensional derived cotangent stack

1-*Cook:)
-☐

T*[eE://gc-z.it]=T*[EEG/TIG]VEV

starchy CDGAS• Using Pridham 's theory of
-
-

, one can work out quite explicitly
the dog - category QCoh(T*[ECE:) /gcE☐ ) and its quantization ACE)

along the canonical unshifted Poisson structure . ( see next slides . . . )
• These quantized dy - categories assemble into a late as -AQFT

* c- AIgpa.a.pt/DGCat )



Quantization of derived cotangent stacks: Ln
The dy - category QCoh+(T*[Spec A/ Spect] ) is given by certain D-m.lu#.:
• An object is a triple (E. ,D, 4- ) consisting of :

(1) an A- LIED - dg - module E. w/ coaction g :{ •
→E.⑦ H

(2) an H- equivariant told? connection Tl on E.

(3) an H- equivariant graded A- LIED - module map ¥ : go.rs ⑦ E#→ E#

satisfying the following properties :

(1) The Ri - Qi Ov = + thin] s Thr 4-+ = It % , 4-+1+1 =
- It' It

C-it 01++4-+0 = Tf*+, + tglt)

• For G reductive
,
the Hom - complexes are H- equivariant D-module maps .



How was this obtained? VERY rough sketch III ↳

1-*[XIG] = [1-+1×1/6] = Ep-107/6] symplectic reduction

[FENG] a- - - - ([ p%Vg ] E- [ p-toKGgf.EE . . . ) resolution by
stocky CDGAS

QCohfi-t.LT/GI)-~holim(cE(g,og.yo,pdJM0d%cE(g2,o(p.%Da.tt)dY%d¥)
dgdlod ⇒ . - . )QGhy(TENG])i=h°limµop¥YM•d ⇒ DiJfOp+


