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Motivation and background
o A field theory on a 2d spacetime X is Lax integrable if
EOM =0 <= dsA+3[4,4] =0

for a Lax connection A = A;dt + A, dz € Q' (X, g)® M(C), constructed
from the fields on X, depending meromorphically on a Riemann surface C.

(In this talk, we always take C' = CP" to be the Riemann sphere.)
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o A field theory on a 2d spacetime X is Lax integrable if
EOM =0 <= dsA+1[4.4] =

for a Lax connection A = A;dt + A, dz € Q' (X, g)® M(C), constructed
from the fields on X, depending meromorphically on a Riemann surface C.

(In this talk, we always take C' = CP" to be the Riemann sphere.)
¢ Important consequence: The holonomy Tr(holt(A)) along Cauchy surfaces
Sy € X is time-independent 9, Tr(hol;(A)) = 0, so its Laurent expansion
Tr(hol;(4)) = > Qn(A)2"  onC

neEZ

gives co-many conserved charges, making the theory “exactly solvable”.
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Motivation and background

o A field theory on a 2d spacetime X is Lax integrable if
EOM =0 <= dsA+1[4.4] =

for a Lax connection A = A;dt + A, dz € Q' (X, g)® M(C), constructed
from the fields on X, depending meromorphically on a Riemann surface C.

(In this talk, we always take C' = CP" to be the Riemann sphere.)

o Important consequence: The holonomy Tr(hol;(A)) along Cauchy surfaces
Sy € X is time-independent 9, Tr(hol;(A)) = 0, so its Laurent expansion

Tr(hol;(4)) = > Qn(A)2"  onC
neEZ
gives co-many conserved charges, making the theory “exactly solvable”.

o What is the origin of the Lax connection? How can | find it in examples?

e Traditional POV: Educated guesswork, so origin remained mysterious ®

e Modern POV: Gauge-theoretic methods explain origin of Lax connection ©)
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Topological-holomorphic Chern-Simons theories
o Main idea [Costello/Yamazaki]: Since Lax connections are fundamental for

integrability, one should develop a mother theory for Lax connections and
extract from it models of 2d integrable field theories.
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Topological-holomorphic Chern-Simons theories

o Main idea [Costello/Yamazaki]: Since Lax connections are fundamental for
integrability, one should develop a mother theory for Lax connections and
extract from it models of 2d integrable field theories.

¢ Realization by topological-holomorphic Chern-Simons theories on the 4d
product manifold ¥ x C' with spacetime > and Riemann surface C'

_ b 1 NA + L
SuA) = 5= [ wn(A hs+0)A+AA)

where A=A (€ (D)@ Q" (C)® 9)1 are de Rham-Dolbeault
connections and w = w, dz is a fixed choice of meromorphic 1-form on C.
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where A=A (€ (D)@ Q" (C)® 9)1 are de Rham-Dolbeault
connections and w = w, dz is a fixed choice of meromorphic 1-form on C.

© The action S, becomes only well-defined if one
(1) imposes suitable boundary conditions at the poles of w, and

(2) allows for suitable singularities at the zeros of w.
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connections and w = w, dz is a fixed choice of meromorphic 1-form on C.

© The action S, becomes only well-defined if one
(1) imposes suitable boundary conditions at the poles of w, and
(2) allows for suitable singularities at the zeros of w.

Upon “integrating out” ¥ x C' ~» X the fields on the Riemann surface C,
different choices provide different 2d IFTs and their Lax connections.
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Topological-holomorphic Chern-Simons theories

o Main idea [Costello/Yamazaki]: Since Lax connections are fundamental for
integrability, one should develop a mother theory for Lax connections and
extract from it models of 2d integrable field theories.

¢ Realization by topological-holomorphic Chern-Simons theories on the 4d
product manifold ¥ x C' with spacetime > and Riemann surface C'

_ b 1 NA + L
SuA) = 5= [ wn(A hs+0)A+AA)

where A=A (€ (D)@ Q" (C)® 9)1 are de Rham-Dolbeault
connections and w = w, dz is a fixed choice of meromorphic 1-form on C.

© The action S, becomes only well-defined if one
(1) imposes suitable boundary conditions at the poles of w, and
(2) allows for suitable singularities at the zeros of w.

Upon “integrating out” ¥ x C' ~» X the fields on the Riemann surface C,
different choices provide different 2d IFTs and their Lax connections.

o Goal of this talk: Give a mathematical description of this story via
Lo-algebras and homotopy theory, and show how this scales to dim > 2.
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Quick recap: Ly.-algebras in field theory

o Loc-algebras (L, 0) = ({L'}iez, {€n : L®" — L},>1) provide a very efficient
and powerful packaging of the data of a classical field theory:
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o Loc-algebras (L, 0) = ({L'}iez, {€n : L®" — L},>1) provide a very efficient
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e EOM = Maurer-Cartan equation > £, (a®") =0, fora € L!

n>1 n‘
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e EOM = Maurer-Cartan equation En>1 Ll (a®") =0, fora € L'
e gauge transformations 6c(a) =3 o Slnt1(a®" ®e€), fore € L% and o € L'

¢ An action functional from this POV corresponds to a degree —3 cyclic
structure (-, ) : L& L — Cvia S(a) =3, (n+1), (o, £, (a®™))).

Ex: e Scalar S(®) = [,, (— 3d® A xd® + #(@"1)) is described by

n>2 n+1)'
Lscalar = (QO(M) Qm(M) )
with £, (®1,...,®n) = Ap #(®1-- ®y) and (@, 1) = [, ©DF.
e Chern-Simons S(A) = [, (A, 5;dA+ 5[A, A]) is described by

> 21

£y =dxd

Les = (QO( o) 228 ot g) 258 2, g) 258 03 (0, g))

with £2(a, 8) = [a, ] and (o, B)) = fIVI<a B)
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The L..-algebra of top.-hol. Chern-Simons theory

o Costello-Yamazaki's theory on X = ¥ x C' is based on the L.-algebra
E(X) = QO(X,g) = Q* (D)2 Q" (C) @ g
with brackets /; =dg + 0 and £y = |-, -].
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The L..-algebra of top.-hol. Chern-Simons theory

o Costello-Yamazaki's theory on X = ¥ x C' is based on the L.-algebra

E(X) = QO (X,g) = ()60 (C) @ g
with brackets /; =dg + 0 and £y = |-, -].

o Its MC elements A = A® ¢ € £(X)?! display the desired top.-hol. behavior

dsA+$[A,A] =0 , 0A=—ds(—[A(]

¢ To understand better what this theory describes on 3, we “integrate out” the

fields on the Riemann surface C.

o Formalizing the latter by homotopy transfer to Dolbeault cohomology

H*Q%*(C) = Q%*(C)9 leads to the following result:

: The Lo-algebra (£(X),¢) of top.-hol. CS theory is weakly equivalent to the
Loo-algebra (Q°(%,g),ds, [+, -]) describing flat connections on spacetime ¥.

? That's quite trivial. Where is the IFT and its Lax connection?

! Have to take into account singularities and boundary conditions at the zeros

and poles of the meromorphic 1-form w on C'!
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Divisors and holomorphic line bundles

¢ Poles and zeros on a Riemann surface C' are best described by using divisors
D :C — Z. The divisor (w) = (w)p + (w)so of w encodes the locations of its
zeros (w)o > 0 and of its poles (w)s, < 0.
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D :C — Z. The divisor (w) = (w)p + (w)so of w encodes the locations of its
zeros (w)o > 0 and of its poles (w)s, < 0.

¢ A standard construction assigns to a divisor D a holomorphic line bundle
Lp — C such that Ty (Lp — C) 2 Op(C) ={f e M(C) : (f) > —D}
are meromorphic functions with poles and zeros controlled by D.

o A key feature of divisors is that they alter Dolbeault cohomologies, e.g.:

HOQO’°((CP1, LD) o

0 , if degD <0
CltdeeD " if deg D >0

IR

H'Q%*(CP',Lp) {C_(1+degD) , if degD <0

0 , if degD >0
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Divisors and holomorphic line bundles

¢ Poles and zeros on a Riemann surface C' are best described by using divisors
D :C — Z. The divisor (w) = (w)p + (w)so of w encodes the locations of its
zeros (w)o > 0 and of its poles (w)s, < 0.

¢ A standard construction assigns to a divisor D a holomorphic line bundle
Lp — C such that Ty (Lp — C) 2 Op(C) ={f e M(C) : (f) > —D}
are meromorphic functions with poles and zeros controlled by D.

o A key feature of divisors is that they alter Dolbeault cohomologies, e.g.:

HOQO’°((CP1, LD) o

0 , if degD <0
CltdeeD " if deg D >0

H'QY*(CP', Lp)

IR

C—(tdeeD) " if deg D < 0
0 , if degD >0

I That's precisely where the non-trivial features of IFTs and Lax connections in
the Costello-Yamazaki framework come from!
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Singularity structures and Lax connections

Def: A singularity structure 2 for top.-hol. Chern-Simons theory (£(X),?) is a
decomposition (w)g = Dy + D_ of the zeros of w into two non-negative
divisors D4 > 0.
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Singularity structures and Lax connections

Def: A singularity structure 2 for top.-hol. Chern-Simons theory (£(X),?) is a
decomposition (w)g = Dy + D_ of the zeros of w into two non-negative
divisors D4 > 0. The L..-algebra of Z-singular fields is defined by

a, WOV L, ©0) 4y

Ep(X) = Tot | QO0O*)(X g) ® Q200 (X, Ly, ® )
— N
dg Q—,(O,-) (X, LD, ® g) ds

and fy = [+, -], where QF(X) C Q}(X) are the (a)sd 1-forms xa = +a.
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Singularity structures and Lax connections

Def: A singularity structure 2 for top.-hol. Chern-Simons theory (£(X),?) is a
decomposition (w)g = Dy + D_ of the zeros of w into two non-negative
divisors D4 > 0. The L..-algebra of Z-singular fields is defined by

a QO (X, Lp, ®g) s

Ep(X) = Tot | QO0O*)(X g) ® Q200 (X, Ly, ® )
— N
dg Q—,(O,-) (X, LD, ® g) ds

and fy = [+, -], where QF(X) C Q}(X) are the (a)sd 1-forms xa = +a.

Prop: Through homotopy transfer to twisted-Dolbeault cohomologies, this is weakly
equivalent to the L..-algebra given by

g W EDO00C)
£x) = | 9, 02(%,9)® O (C
(%) (9)\ e L, ¥ 980,00
= Q7 (5,9)®0p_(C) 9=
and ¢, = [-, -], describing Lax connections and their meromorphic behavior.
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Boundary conditions and integrable field theories

Def: A boundary condition Z for the Z-singular fields (£4(X),£) is a choice of
non-positive divisors By < By < By < 0 satisfying

(I) BO -‘y—Bg = (w)oo = B+ —|—B,
(i) deg(D4 + B;) =deg(D_-+B_)=g—1=—1(g=0for C =CP")
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Boundary conditions and integrable field theories

Def: A boundary condition Z for the Z-singular fields (£4(X),£) is a choice of
non-positive divisors By < By < By < 0 satisfying

(I) BO +BQ = (w)oo = B+ —|—B,
(i) deg(D4 + B;) =deg(D_-+B_)=g—1=—1(g=0for C =CP")

The L..-algebra of Z-conditioned Z-singular fields is defined by
a¥ ar O (X’ LD++B+ @Q) ds;
Zy —
Egpz(X) = Tot | Q4O (X, Lp, ®g) ® Q20 (X, Lwyy+5, ®9)
—

o —.(0,0) ds,
s Q (X, Lp_+p_®4)

and o =[-, -].
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Boundary conditions and integrable field theories

Def: A boundary condition Z for the Z-singular fields (£4(X),£) is a choice of
non-positive divisors By < By < By < 0 satisfying

(I) BO + BQ = (w)oo = B+ —|—B,
(i) deg(D4 + B;) =deg(D_-+B_)=g—1=—1(g=0for C =CP")
The L..-algebra of %-conditioned Z-singular fields is defined by
a3 Q+'(U’.>(X7LD++B+®Q) ds
=y —
Egpz(X) = Tot | Q4O (X, Lp, ®g) ® Q20 (X, Lwyy+5, ®9)
— —
dg Qi"(()'.)(XaLD,+B, ®E) ds
and 4o =1, -].
Prop: Through homotopy transfer to twisted-Dolbeault cohomologies, this is weakly

equivalent to the L..-algebra given by

0y =p2 ds (hydf+h_dg)io

FE) = (00 (s, 0") )

with £ for n > 2 determined by transfer and N := —1 — deg By > 0.
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What can one say about the 2d field theory (F(X),¢')?

¢ =p2 ds (hydf+h_dg )io

F®) = (228") 2(%,gV) )

1. The underlying complex resembles that of a g’V-valued scalar field, with
0 = pads(hsdf + h_dg)io given by a 2nd order differential operator.
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one finds that the transferred brackets ¢/, contain two Y-derivatives.
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1. The underlying complex resembles that of a g’V-valued scalar field, with

0 = pads(hsdf + h_dg)io given by a 2nd order differential operator.
2. Looking under the hood of homotopy transfer
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one finds that the transferred brackets ¢/, contain two Y-derivatives.
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transfers = the field theory (F(X),¢’) has an action functional

Alexander Schenkel IFTs in two and higher dimensions June 2026 9 /12



What can one say about the 2d field theory (F(X),¢')?

¢ =p2 ds (hydf+h_dg )io

F®) = (228") 2(%,gV) )

1. The underlying complex resembles that of a g’V-valued scalar field, with
0 = pads(hsdf + h_dg)io given by a 2nd order differential operator.
2. Looking under the hood of homotopy transfer
| h N/
NN
\[|/

one finds that the transferred brackets ¢/, contain two Y-derivatives.

3. The degree —3 cyclic structure (-, - )y, = [y WA (-, ) on (Eg4a(X), L)
transfers = the field theory (F(X),¢’) has an action functional

! These are the characteristic features of a G'V-valued sigma-model on .
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What can one say about the 2d field theory (F(X),¢')?

Rem:

¢ =p2 ds (hydf+h_dg )io

F®) = (228") 2(%,gV) )

. The underlying complex resembles that of a g’¥-valued scalar field, with

0 = pads(hsdf + h_dg)io given by a 2nd order differential operator.

. Looking under the hood of homotopy transfer

N/
NN
N
|

one finds that the transferred brackets ¢/, contain two Y-derivatives.

The degree —3 cyclic structure (-, - o = [y w A (-, -) on (Eg45(X), ()
transfers = the field theory (F(X),¢’) has an action functional

! These are the characteristic features of a G'V-valued sigma-model on .

With some computational effort (work in preparation), one can compute
(F(X), ") explicitly for simple w’s and finds indeed a sigma-model.
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Why is (F(X),¢") Lax integrable?

o Our (arguably quite abstract) approach has the key advantage that it
provides a precise notion in which sense (F(X),¢') is Lax integrable.
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Why is (F(X),¢") Lax integrable?

o Our (arguably quite abstract) approach has the key advantage that it
provides a precise notion in which sense (F(X),¢') is Lax integrable.

¢ Using that any ordered pair D < D’ of divisors induces a holomorphic line
bundle morphism Lp — Lp/, we obtain an L..-algebra morphism

(Ep+2(X), ) — (E9(X),0)

which forgets the boundary conditions.
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Why is (F(X),¢") Lax integrable?

o Our (arguably quite abstract) approach has the key advantage that it
provides a precise notion in which sense (F(X),¢') is Lax integrable.

¢ Using that any ordered pair D < D’ of divisors induces a holomorphic line
bundle morphism Lp — Lp/, we obtain an L..-algebra morphism

(Ep+2(X), ) — (E9(X),0)

which forgets the boundary conditions.

Thm: Combined with our weak equivalences, this yields an oco-morphism

(F(2), )~ (L(X), 1)

(Eo+a(X),l) —— (Ea(X), 1)

which assigns to 2d fields their Lax connections.
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Why is (F(X),¢") Lax integrable?
o Our (arguably quite abstract) approach has the key advantage that it

provides a precise notion in which sense (F(X),¢') is Lax integrable.

¢ Using that any ordered pair D < D’ of divisors induces a holomorphic line
bundle morphism Lp — Lp/, we obtain an L..-algebra morphism

(E242(X),f) — (E9(X), 1)
which forgets the boundary conditions.

Thm: Combined with our weak equivalences, this yields an oco-morphism

(F(2), )~ (L(X), 1)

(Epra(X), ) ————— (E2(X),0)

which assigns to 2d fields their Lax connections.

I This result makes precise the slogan that “topological-holomorphic
Chern-Simons theories give rise to both IFTs and their Lax connections”.
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Does this extend to higher dimensions?

o The techniques and results presented in this talk admit a generalization to
the case where the 2d ¥ is replaced by a (d + 1)-manifold M, providing a
new perspective on the elusive topic of higher-dimensional integrability.
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Does this extend to higher dimensions?

o The techniques and results presented in this talk admit a generalization to
the case where the 2d ¥ is replaced by a (d + 1)-manifold M, providing a
new perspective on the elusive topic of higher-dimensional integrability.

o In simple language, the novel key features are:

1. Defining (d 4 3)-dimensional top.-hol. Chern-Simons theory on M x C
requires a d-term Loo-algebra g with degree d — 1 cyclic structure instead of
an ordinary Lie algebra g with invariant pairing (-, -).
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Does this extend to higher dimensions?

o The techniques and results presented in this talk admit a generalization to
the case where the 2d ¥ is replaced by a (d + 1)-manifold M, providing a
new perspective on the elusive topic of higher-dimensional integrability.

o In simple language, the novel key features are:

1. Defining (d 4 3)-dimensional top.-hol. Chern-Simons theory on M x C
requires a d-term Loo-algebra g with degree d — 1 cyclic structure instead of
an ordinary Lie algebra g with invariant pairing (-, -).

2. (d+ 1)-dimensional Lax connections are higher connections, producing
conserved charges living on k-cycles in M, for k =1,...,d.
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Does this extend to higher dimensions?

o The techniques and results presented in this talk admit a generalization to
the case where the 2d ¥ is replaced by a (d + 1)-manifold M, providing a
new perspective on the elusive topic of higher-dimensional integrability.

o In simple language, the novel key features are:

1. Defining (d 4 3)-dimensional top.-hol. Chern-Simons theory on M x C
requires a d-term Loo-algebra g with degree d — 1 cyclic structure instead of
an ordinary Lie algebra g with invariant pairing (-, -).

2. (d+ 1)-dimensional Lax connections are higher connections, producing

conserved charges living on k-cycles in M, for k =1,...,d.
3. (d+ 1)-dimensional IFTs are (higher) gauge theories (up to (d — 1)-gauge
transformations) built from k-form fields ®, for k =0,...,d — 1.
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Does this extend to higher dimensions?

o The techniques and results presented in this talk admit a generalization to
the case where the 2d ¥ is replaced by a (d + 1)-manifold M, providing a
new perspective on the elusive topic of higher-dimensional integrability.

o In simple language, the novel key features are:

1. Defining (d 4 3)-dimensional top.-hol. Chern-Simons theory on M x C
requires a d-term Loo-algebra g with degree d — 1 cyclic structure instead of
an ordinary Lie algebra g with invariant pairing (-, -).

2. (d+ 1)-dimensional Lax connections are higher connections, producing
conserved charges living on k-cycles in M, for k =1,...,d.

3. (d+ 1)-dimensional IFTs are (higher) gauge theories (up to (d — 1)-gauge
transformations) built from k-form fields ®, for k =0,...,d — 1.

4. The k-form fields ®; of the IFTs interact according to the pattern
P&, + P @y, 4+ P& 5 + nonlinear interactions = 0 |

where the superscript denotes the order of the differential operator.
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Does this extend to higher dimensions?

o The techniques and results presented in this talk admit a generalization to
the case where the 2d ¥ is replaced by a (d + 1)-manifold M, providing a
new perspective on the elusive topic of higher-dimensional integrability.

o In simple language, the novel key features are:

1. Defining (d 4 3)-dimensional top.-hol. Chern-Simons theory on M x C
requires a d-term Loo-algebra g with degree d — 1 cyclic structure instead of
an ordinary Lie algebra g with invariant pairing (-, -).

2. (d+ 1)-dimensional Lax connections are higher connections, producing
conserved charges living on k-cycles in M, for k =1,...,d.

3. (d+ 1)-dimensional IFTs are (higher) gauge theories (up to (d — 1)-gauge
transformations) built from k-form fields ®, for k =0,...,d — 1.

4. The k-form fields ®; of the IFTs interact according to the pattern
P&, + P @y, 4+ P& 5 + nonlinear interactions = 0 |
where the superscript denotes the order of the differential operator.

a Open problem: Construct interesting examples of higher-dimensional IFTs
and understand how they relate to models from physics.
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A small glimpse at an example of a 3d IFT

o Applying the general machinery to M = R3 and a convenient choice of
2-term Lo-algebra g = T'[1]h, singularity structures and boundary conditions,
one obtains a 3d IFT whose linearization is described by the complex:

(g1 — g2) 19,9
4(@) = | (0 —a) 052 |,

(a2 — a3) 02059,
Al2 + ot +
0 2 901,5) — 0205) s Q30K . (AKJ B (*m;‘j%:g:i; %jslgs*fz) ’
F(M) = ® ® ® @ M N )
Q01,1 —5 i p) —E rh) —2— 0 e D)
() = [Hlaa-ano)
—303(x — gz€)

N
4 (M) = (@1 - 42) 019205 — (1 — 3) D185 Xe + (@2 — 43) Badsh1
A3,
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A small glimpse at an example of a 3d IFT

o Applying the general machinery to M = R3 and a convenient choice of
2-term Lo-algebra g = T'[1]h, singularity structures and boundary conditions,
one obtains a 3d IFT whose linearization is described by the complex:

(01 = 42) 18,
4@ = [(@-wmaoe|
(a2 — a3) 02059,

.
Vi if _ AJy — B3+ Bshy
vt 0N+ @ dN — sy

—jalx—ae)
4 (;) - (—%az(x—w)) :

—30s(x — az¢€)

3(M) = & & ® ®

0

00— o) 4 2,n) s a3, p2)
Q01,1 —5 i p) —E rh) —2— 0

N
4 (M) = (@1 - 42) 019205 — (1 — 3) D185 Xe + (@2 — 43) Badsh1
A3,

o Interestingly, this complex admits Green's operators associated with the
d'Alembertian O = Z?j:l 9" 0;0; of the Lorentzian metric

) 0 91 —492 491 — 43
9 Tl 0 92 — a3

q1 — 93 q2 — g3 0

obtained from the positions ¢1, g2, g3 € R of the zeros of w.
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A small glimpse at an example of a 3d IFT

o Applying the general machinery to M = R3 and a convenient choice of
2-term Lo-algebra g = T'[1]h, singularity structures and boundary conditions,
one obtains a 3d IFT whose linearization is described by the complex:

(@1 — ¢2) 010,
£(2) = | (@) 002
(02— a3) 92059,

"
Vi if _ AJy — B3+ Bshy
B 0 01N g2 00y — 3 Bs Ny

—jalx—ae)
4 (;) = (*%BZ(X*%&))

—30s(x — az¢€)

3(M) = & & ® ®

0

00— o) 4 2,n) s a3, p2)
Q. 5) —s v,p) —E @3(M,p) —2 0

N
4 (M) = (@1 - 42) 019205 — (1 — 3) D185 Xe + (@2 — 43) Badsh1
A3,

o Interestingly, this complex admits Green's operators associated with the
d'Alembertian O = Z?j:l 9" 0;0; of the Lorentzian metric

) 0 91 —492 491 — 43
9 Tl 0 92 — a3

q1 — 93 q2 — g3 0
obtained from the positions ¢1, g2, g3 € R of the zeros of w.

A This example shares some similarities with Ward's 3d IFT, and it would be
interesting to carry out a detailed analysis of the interacting model.
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